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For a real superlattice, fluctuations are always presented in the period lengths. The band 
structure of semiconductor superlattices under the effect of this periodic disorder has been 
investigated in this paper. The zone center and zone edge ofthe first subband of electrons and 
holes and the effective energy gap as functions of this fluctuation have been calculated. We 
discuss the dependence of the band offset on this fluctuation. Our calculated results can be 
used to explain some of the experiment a! observations. 

I, INTRODUCTION 

Advances in epitaxial crystal growth techniques such as 
molecular-beam epitaxy (MBE) and metalorganic chemical 
vapor deposition (MOCVD) enabled thefabrication of new 
metastable structures with contro!led thicknesses and sharp 
i.nterfaces. I

,2 Superlattices are a special class of these novel 
structures which are finding increasing applications, not 
only in applied areas such as lasers, but also in basic research 
areas such as the study of electrons and holes in quasi-two­
dimensional systems. Another interesting property of the su­
perlattice is the formation of minibands. There are numer­
ous published articles in this field. 3

-
5 The most extensively 

studied superlattice is the one consisting of alternate layers 
of GaAs and Gal _xA1xAs. 

Although ii is commonly accepted that MBE is capable 
of fabricating interfaces between two semiconductors to 
grow quantum wells (QWs) and superlattices with very 
high quality, one can never grow supedattices with the ideal 
structure. Here, an ideal superlattice means an array of two 
(or more) alternating layers of materials with a single peri­
od, fixed well (barrier) width and barrier height, no rough­
ness on the interfaces, and infinitely abrupt interfaces. A real 
superlattice differs from an ideal one in many aspects. They 
include: (a) unsharp interfaces, or band bending in the de­
pletion regions; (b) interface disorder or roughness, or 
thickness fluctuations within a quantum well (barrier); (c) 
fluctuations in the average thickness of the wen (barrier) 
width from layer to layer; and (d) fluctuations in the poten­
tial barrier height. The band structure of realistic superlat­
tices have been investigated briefly in a previous paper." 

The effect oElayer thickness fluctuations to the superlat­
dee diffraction pattern has been recently investigated by Cle­
mens and Gay.7 Two types of fluctuation distributions were 
considered: continuous random fluctuations which result 
from disorder or amorphous interfaces and discrete fluctu­
ations resulting from coherent interfaces. They presented 
numerical simulations of diffraction from multilayers con­
structed by either type of fluctuation. 

In generai, all the results for the miniband structures of 
superlattices were obtained under the assumption that su­
perlattices are the perfect periodic structures (no fluctu­
ations in the period lengths). For a real superlattice, since 

the open/dose timing of shutter for deposition is controlled 
only by a clock, there are always fluctuations in the widths of 
quantum wells and barriers, and consequently in the super­
lattice period lengths, and we shall name this the periodic 
disorder. These fluctuations depend on the growth condi­
tions and are different from sample to sample. The periodic 
disorder has been mentioned previously by a few other 
groups who claimed that it is one of the reasons for the 
Iinewidth broadening in the optical experiments. Although 
the reason for the linewidth broadening is believed mainly 
due to interface disorder, or fluctuation within a quantum 
well or barrier. 8

-
1O The band structure of a supedattice un­

der the effect of this type of disorder has never been studied 
in detail before. In this paper, we calculated dependencies of 
the band structures and the effective energy gap of 
Gal _ x AI", As-GaAs superlattice on the fluctuation. The re­
sults obtained are useful in device applications and in basic 
research. 

II. CALCULATIONS 
Figure 1 is the configuration (top) and the band profile 

(bottom) of the superlattice with periodic disorder. In Fig. 
1, a j = ao + B7 and hi = bo + 8f are the widths of the quan­
tum barrier and well, respectively, in the ith "period." 
ao (ba ) is the average width of the quantum barrier (well) 

FIG. 1. The configuration (top) and the band profile (bottom) of the 
Gal _,AlxAs-GaAs 8uperlattice with periodic disorder. 
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07(o~) is the small fluctuation in the barrier (well) width in 
the ith period. 

L; =Lo +8/(0/' =8f+,m, 
is the ith "effective period length" and Lo = aa + bo is the 
overall average "period length." Because the fluctuations 
are random, when n is large, we should have 

" 
2:Lj =nLo ' 
i=l 

where n is the total number of periods. We assume that the 
fluctuations in the quantum well (barrier) widths OJ (8f and 
of) have the Gaussian distribution 

P(o;) = N exp ( - (j~/2cr) , (1) 

where IV is the normalization constant. (J' is the fluctuation 
parameter which depends on the growth conditions and var­
ies from sample to sample. Therefore, we have 

n 11 

I.8f = 2»r = O. 
;=1 i=1 

For a real superlattice, there is only a finite number of layers. 
We assume that the wave functions of electrons and holes 
have the cyclic boundary condition at the two boundaries 

(2) 

In the calculation, instead of 8; varying continously, we 
consider discrete fluctuations. 8 i has been taken from 0 to 
± 3 A with step 0.5 A and following the distribution ofEg. 
( 1 ). Thus, we have 

N = 1 + 2 2: exp - ~m- , [ ;', (d2 ')]-1 
m=! 20-

(3) 

where d is some plane spacing of the layer and has been taken 
as 0.5 A in this paper. For simplicity, 0; has been limited 
within 3 A. In the real case, it should change for different 
samples. However, the results obtained here can represent 
the cases of the real supedattice systems. 

The potential form for the electrons and holes can be 
written as 

Vex) = {O, 
V, 

O<x-xn<a,,+I' 

an + 1 <x - xn<L,,+ I' 
(4) 

11 

n = 0,1,2 ... , where x" = L Li . From the Schrodinger 
i=..:l 

(5) 

we can immediately get the wave function in the nth period 
as 

exp (ikx) + En exp ( - ikx) 

(in the well of nth period), 

exp (Kx) + D" exp( - Kx) 

(in the barrier of nth period), 

(6) 

where An ,En ,C", and D" are the constant coefficients of the 
wave function in the nth period. 

Using the transfer-matrix method, 11, 12 and the contin­
uity conditions of ¢ex) and (11m) (df/i/dx) across the in-
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terfaces, we get the following expression; 

and 

(7) 

(8) 

(9) 

Kai = cosh (Kai )cos(ka;) - (El2)sinh(Ka; )sin(ka), 

Pi = cosh(Ka;)sin(ka i ) + (E/2)sinh(Kai)cos(ka i ), 

(10) 

E =0 (m1K Im 2k) _. (ln2k /m1K), 

1] = (mjK /m 2k) + (m2k /m1K), 

k = ,j2m IE/ft and K = J2m~( V -= E)lft. (11) 

E is the energy of the electron (hole); In j and m2 are, respec­
tively, the effective masses in the weB and barrier materials, 
and V = Ve ore Vh ) is the the height of the potential barrier 
for electrons (or holes). 

From Eqs. (2) and (7), we can get the dispersion rela­
tions as the foHowing: 

cos(qL) = ~Tr(M), ( 12) 

" where M = IT l1tf; and L is the overall length of the super-
i~; 1 

n 

lattice L = 2: L i • In the case of real superlattices, only a 
i-:...=-l 

finite number oflayers are involved. In this paper, we will let 
n, the total number of periods equal to 100 (except for Fig. 
2). 

m. RESULTS AND DISCUSSIONS 

In our calculations, we have used m I = 0.067 mo for the 
electron effective mass for GaAs, m 2 = (0.067 + O.083x)mo 

n 
FIG. 2. Energy of the zone center (lower) and zone edge (upper) of the first 
conduction subband as functions of n, the total number of periods, with 
(}' = 1 A, ao = b" = so A, and x = 0.3. In all figures, the energy of electrons 
is measured from the bottom of the quantum wells. The unit of the energy is 
fz2ffZ/2moL 2 = 3.76 meV with L =co 100 A. 
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for the electron mass in Gai __ xAlxAs, and the empirical 
expression E g = L 15 5x + 0.37 x 2 (e V) for the direct band­
gap difference between GaAs and Gal_xAtAs.13-15 The 
band gap of GaAs is 1.520 (eV).16 The conduction- and 
valence-band discontinuities at the interface have been sug­
gested to be about 60% (Qc ) and 40% (Qu ), respectively, of 
the direct band-gap difference between the two semiconduc­
tormaterials. 17,!8Thuswehave Ve = QcEg and VI! = QuEg. 
The unit of energy in this paper is ft2--rr12moL 2 = 3.76 
(me V) with L = 100 A. The energy of electrons and holes is 
measured from the bottom of the quantum wells. 

Figure 2 is the plot of energy of the zone center (lower) 
and zone edge (upper) of the first conduction subband as 
functions of n, the total number of periods, with u = 1 A, 
ao = bo = 50 A, and x = 0.3. In obtaining Fig. 2, we have 
done the following: for each n, we generate ten independent 
groupsofrandoma i andb i witho~andorsatisfyingEq. (1). 
From the results of these ten different groups, we get the 
average energy value and the standard deviation as shown in 
Fig. 2. An other results in this paper are obtained in the same 
way. The physical meaning for averaging often independent 
groups of ai,bi are twofold. First, because fluctuations are 
random, samples grown under the same conditions will still 
have different band structures. We can only get the average 
energy and the fluctuation about this average value. Second, 
aj and bi are the the effective barrier and wen widths in the 
ith period. Electrons and holes at different locations in the 
plane perpendicular to the growth direction, even in the 
same quantum well and barrier, see different a i and hi by 
means of the interface disorder.6 ,s,1O 

Figure 2 shows the effects oftne fluctuations on the first 
conduction subband of a superlattice for different values of 
n. Two interesting features are revealed by Fig. 2. First, the 
energy of the zone center (zone edge) of the first subband 
decreases (increases) as n increases from 1 to about n = 50. 
Then it remains as a constant as n increases to 100. Second, 
the standard deviations decrease as It increases (n < 50). As 
n goes from 50 to 100, standard deviations are almost the 
same. From Fig. 2, we can see that for n = 100, both the 
energy and the standard deviation approach constant values, 
so we may consider that a supedaUice of n = 100 can repre~ 
sent the overall characteristics of a disordered superlattice 
with an arbitrary number ofIayers. Except for Fig. 2, aU the 
results in this paper are obtained for n = 100. 

The fluctuation in the well and barrier width can de­
crease (increase) the energy of zone center (zone edge) of 
the first conduction subband. The reason is that the energy 
of the center of band (edge of band) mostly depends on the 
thicker (narrower) wells. The fluctuation expands the well 
width in certain regions of bo (1 - 8~ax) <bi<bo 1 + 8~ax)' 
where 8~ax is the maximum fluctuation in the well width. So 
the band width of the first conduction subband increases due 
to the existence of the fluctuation. Although in Fig, 2 we 
only show the conduction subband, the same behavior is 
expected for the heavy- and light-hole valence subbands. 
The zone center of the first conduction subband is the 
ground state of electrons, and is very important for the inves­
tigations of the electronic and optical properties. Because of 
the existence of the periodic disorder in real superlattice, the 
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energy gap (or energy of exciton lines) obtained from ex­
periments is smaller than the calculated value which was 
obtained under the assumption of the perfect periodic struc~ 
ture. 

To see how the periodic disorder affects the ground­
state energy of electrons, Fig. 3 plots the distribution of elec­
trons P as a function of the ground-state energy E for 500 
randomly generated groups of ai' hi [If! and S~ satisfy 
Eq, 0) J with (7 = 2 A, Go = bo = 50 A, and x = 0,3. The 
average energy and the standard deviation is 17,22 ± 0,16. 
Note that when u = 0 (without the fiuctuation) , the 
ground-state energy is 18,22. The fluctuation decreases the 
ground-state energy by about one unit (3.76 meV). The in­
teresting result is that the distribution of electrons is asym­
metric about the peak position, so that the average energy is 
slightly less than the peak energy value. Measuring from the 
peak position, the tail in the high-energy side extends to 
about 0.3 units compared with the tail in the low-energy side, 
which extends to about 0.45 units. We assume {a/I ,b /} is 
an arrangement of quantum wells and barriers, where 
a/ = ao ± Sf and b / = bo ± o~. Because fluctuations are 
random, we have P +{a,.+ ,b,.+} = P --{a j-' ,b i-}. This 
means that if the probability of the arrangement {a/ ,b i+} is 
p + , then the probability of the arrangement, denoted by P - , 
should be equal to P + . P - is obtained by replacing a,.+ and 
b,.+ with ai- and b 1- • However, the ground-state energy for 
these two configurations is different from Eq. (12) because 
of the noncommutativity ofthe matrix L'.1; (M = II7 = I M i ). 

The overall effect is that electrons favor the low-energy side, 
which implies that electrons favor the larger quantum wells. 

Figure 4 is the plot of the ground-state energy of the 
electron as a function of the fluctuation parameter 0- with 
Lo = 100 A, ao = bo = LJ2, and x = 0.3. We can see that 
the fluctuation causes a reduction in the ground~state energy 
of the electron. The shift of the ground-state energy increases 
as CY increases. The standard deviation of the ground-state 

8O~ 
I 
I 110, 

I 

20 

Energy 

FIG. 3. The distribution of electrons P as a function of the ground-state 
energy E for 500 independent randomly generated groups of G;. bi with 
<T = 2 A, ao = bo = 50 A, and x = 0.3. The average energy value and the 
standard deviation in the ground state is ! 7.22 ± 0.16. 
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FIG. 4. Ground-state energy of electron as a function of fluctuation param­
eter (J" with Lo = 200 A, ao = bo = L0I2, and x = 0.3. 

energy also increases as q increases from 0 to 1 A. Then it 
remains constant as u increases from 1 to 2 k The ground­
state energy decreases rapidly in the region of (7 = 0.5 to 1.5 
A. As a increases from 0 to 2.0 A, the total reduction is about 
0.35 unit (1.32 meV). This shift is related to the Mott's mo­
bility edge. 19 The importance ofthe result in Fig. 4 is that the 
ground-state energy can be varied from sample to sample 
even though the average well and barrier thicknesses remain 
constant. 

Figure 5 is the plot of the ground-state energy of the 
electrons as a function of Lo for three different fluctuation 
parameters 0" = 0,1, and 2 A withaobo = Lo!2andx = 0.3. 
The inset shows the shift of the ground-state energy of the 
electrons, E fY = U - E 17 = 2 as a function of Lu. As we can see 
from Fig. 5, the fluctuation decreases the ground-state ener­
gy of the electrons for all Lo and the shift decreases as Lo 
increases. For Lo = 40 A, the shifts between E(q = 2 A), 
E(u = 1 A), and E(u = 0) are 1.1 and 0.56 units, respec­
tively. At Lo = 240 A, they are 0.29 and 0.21 units, respec­
tively. A sharp decrease occurred at Lo = 120 A. Therefore, 
the same fluctuation has more effect at small Lo. The stan­
dard deviation of energy decreases as Lo increases as shown 
in the inset. The same behavior is expected for the heavy- and 
light-hole valence bands. 

Figure 6 is the plot of the shift of the ground-state energy 
of electron E,,= 0 - Ea= !, and EO'~"o - Ecr= 2. as functions 
of Al concentration x with Lo = 100 A and ao = bo = Lo/2. 
In Fig. 6, we only present the average energy values from ten 
independent groups of a j and hi' The standard deviations are 
not indicated. The amount of the shift increases as x in­
creases. This means that the fluctuation has more effect 011 

the samples with higher Al concentrations. For small 
x (x < 0.2), the shiftincreases slowly for both E" = 0 - Eq~. 2 

and E(7 = 0 - E <l = 2' The sharp increases occur in the region 
of O.2<;x<O.6 for both case.s. The difference between 
E,,=o - E,,= 1 and E,,=o - E,,=2 also increases as x in­
creases. 
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FIG. 5. Ground-state energy of electrons as a function of L" for three differ­
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The inset is the shift of tile grQund-state energy of electrons Eo -~O - E,, __ 2 

as a function of Ln. 
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(---) and E,, __ o - E"~2 (--) as functions of Al concentrations x 
with Lo = 100 A and 0 0 = bo = Lo/2. 
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Figure 7 presents the variations of widths and gaps of 
the first two conduction minibands as functions of fluctu­
ation parameter (T, with Lo = 160 A, ao = b" = L0I2, and 
x = 0.3. The plot was obtained by an average of up to ten 
independent groups of ai,b i , as we have done previously. 
Again, the standard deviations are not indicated. The stan­
dard deviations are larger for the n = :2 subband than for the 
n = 1 subband. We see that the widths of the first two con­
duction mi.nibands increase as a increases. From Fig. 7, we 
can see that the energy values at the zone center (zone edge) 
for all the minibands decreases (increases) as a increases. 
The forbidden gap decreases because of this fluctuation. The 
width of the first conduction minibaud is 0.1 units at a = 0, 
and then expands to about 1.5 units at (7 = 2 A and the width 
of the second miniband expands from 1.5 units to about 5.7 
units as a goes from 0 to 2 A. 

The conduction- and valence-band offsets Qc and Qv are 
the most important parameters in the calculation of mini­
band structures of supedattices. In 1974, Dingle, Wieg­
mann, and Henry20found 85:15 for the conduction- and va­
lence-band offset ratio. Miller and co-workers 18 deduced a 
new offset ratio (at x-O.3) to be about 60:40 at 1984. This 
ratio is now widely used. In Fig. 8, we plotted the effective 
energy gap of heavy holes, Eghh , as functions of Qc for five 
different fluctuation parameters (T with Lo = 100 A, 
ao = bo = Lo/2, and x = 0.3. This reveals how the band 
structure is affected by the offset ratio. Here, the effective 
energy gap represents the mini.mum energy required for pro­
ducing exdtons with neglecting the Coulomb interaction 
between electrons and holes. If we define 

6.Eg (a) = Eg ((7 = 0) - Eg (a), 

we can see from Fig. 8 that AEg (a) increases as Qc increases 

46 

14 

8 

60~----~O~.5~----lo~O----~1~.5~--~2~.O~-­

(T (.1,) 

FIG. 7. The first two allowed conduction minibands (shaded area) and 
minigaps as functions of fluctuation parameter a with Lo = ! 60 ft., 
a" = bo = Lv/2, and x = 0.3. 
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431 

429 

~~ 

_ ... --------.. 

---0-::0 

- - 0" :0.5 (A) 

------ 0" :1.0(.4) 

.-._.-._. 17 :1.5(A) 

•• - •• _.,--- <T :2.0(A) 

423!..---.....,....--~----:-'--::---~~ 
0.5 0.6 0.1 0,8 0.9 

FIG. 8. Effective energy-gap of heavy holes as a fUllction of QC' the conduc­
tion-band offset, for five different fluctuation parameters (T with L(l = 100 
A, aa = b" = L/2, andx=O.3. 

for all (T. ilEg (a) increases almost linearly with Qc for a 
fixed value of a. 

We can see from Fig. 8 that Qc varies widely for a fixed 
energy value, due to the periodic disorder. This causes diffi­
culty in determining the offset ratio by comparing experi­
mental results to calculations. This may be the reason that 
the later works favor the lower value of the Qc :Qu split be­
cause a should be smaller at the present time due to the 
availability of more advanced technologies. The above dis­
cussion is valid only for superlattices (or multiple quantum 
wen heterostructures). In addition, the above argument is 
deduced from the results of heavy-hole excitons. The band 
offset ratio is mainly deduced from the experimental results 
of heavy-hole excitons. 

Figure 9 is the same plot as Fig. 8, but for light holes. 
dEg (0-) for light-hole excitons has the same behavior as for 
the heavy holes. !lEg (a) increases as Qc increases. From the 
results of Figs. 8 and 9 we can write an effective energy gap 
for the heavy- and light-hole excitons as 

EKhh (Qc. a = 0) = Efthh (Qc + A, (7 = (To) • 

Eg'h CQc' (T = 0) = Eft,. (Qc - a', (7 = (70) , 

( 13a) 

(Db) 

where il, 11', ao• and (T~ are the positive constants. Because of 
the fluctuation, if we try to obtain Qc by fitting experimental 
results with the calculations, there is an uncertainty in Qc 
from sample to sample. From the experimental results of 
energies of heavy- and light-holes excitons and comparing 
with Figs. 8 and 9, and by kno'wing all other parameters of 
the superlattice, we can deduce uniquely the band offset ra­
tio and the fluctuation parameter (7. 

H. X. Jiang and J. Y. Lin 1988 
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437 

- -/7 ::0.15(;') 

------ q ::1.0(;') 
431 

0.6 0.1 C.1l 

FIG. 9. Effective energy gap of light holes as a function of Qc' the conduc­
tion-band offset. for five different fluctuation parameters (Y with Lo = 100 
A, ao = bv = L,/2, and x = 0.3. 

IV. CONCLUSIONS 

In conclusion, we have studied the effects oftne periodic 
disorder of superlattices to the miniband structures. A ran­
dom Gaussian distribution of fluctuation in the widths of 
quantum wells and barriers has been assumed, Under this 
assumption, the energy values and the standard deviations 
have been calculated as functions of average period length 
L o• conduction-band offset Qe, Al concentrations x, and 
fl.uctuation parameter a. The fluctuation in the widths 
causes a decrease (increase) in the energy of the center of 
band (edge of band) and expands the widths of the allowed 
minibands. An asymmetric distribution of electrons about 
the peak value of the ground-state energy has been predicted. 
The effective energy gap of heavy and light holes affected by 

1989 J. Appl. Phys., Vol. 63, No.6, 15 March 1988 

the periodic disorder were also discussed. OUf calculations 
correspond to the more realistic case of superlattices and is 
useful for understanding the experimental observations. Al­
though some work has been done for the periodic disorder, 
many important physical properties, such as electron (hole) 
mobility, optical emission and absortion, photolumines­
cence and photoconductivity, and perpendicular transport 
properties affected by this type of disorder have never been 
investigated. Further studies have to be done to understand 
more physical properties of real superlattices. 
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